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THE BERGMAN REPRESENTATIVE MAP VIA A HOLOMORPHIC 

CONNECTION 

SUNGMIN YOO 


Abstract. We show that the exponential map of the Bochner connection on the 
restricted holomorphic tangent bundle of a complex manifold admitting the positive- 
definite Bergman metric coincides with the inverse of Bergman’s representative map. 
We also present a generalization of the Lu theorem, as an application. 


1. Introduction 

On a complex manifold equipped with the Bergman kernel and metric, the Bergman 
representative map, originally named as “the representative domain” by Stefan Bergman 
himself, is an important offshoot of the Bergman kernel form (cf. [13], Chapter 4). It 
is a special holomorphic map which is in a signihcant contrast with the exponential 
map of the Riemannian structure given by the real part of the Bergman metric; the 
Riemannian exponential map is almost never holomorphic. On the other hand, the 
representative map gives rise to a holomorphic Kahler normal coordinate system with 
respect to the Bergman metric. One of its best known features is that all holomorphic 
Bergman isometries become linear mappings in these representative coordinates. In 
spite of the difficulty that this map is not well-defined everywhere, this feature has 
been proven to be useful in many important works (see for instance, [23], [1], [29], [15], 
et ah). However, it was striking to us that no systematic study of this concept has yet 
been carried out. 

The goal of this paper is therefore to provide a first step towards establishing a 
systematic treatise on the Bergman representative map. In particular, we present a 
construction of the torsion-free flat holomorphic affine connection on the holomorphic 
tangent bundle of an open dense subdomain of the given complex manifold, whose affine 
exponential map is the inverse to the representative map iTheorem 14.2p . This yields a 
differential geometric interpretation of the Bergman representative map. 

It is worth mentioning that our connection was discovered, at least partially, by sev¬ 
eral other authors in the articles preceding this paper, even though the information 
was scattered around in the papers such as [7] (much earlier than the others; in fact, 
Bochner constructed “normal” coordinates only, which can develop into the connec¬ 
tion), ]^ , and ]^ . It is also studied independently in HDl and ]2U] in relation to the 
holomorphic part of the Kahler metric connection (a symplectic geometric interpre¬ 
tation can be found in [22] and [2^). More notably, as the connection for the case 
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of “bounded domains”, it was studied in |29] for a version of extension theorem for 
biholomorphic mappings. We hope that this paper shows these concepts in a unihed 
viewpoint. 

This paper is organized as follows: First, we briefly review fundamentals of Bergman 
geometry including the construction of the concept of the representative map. Then 
we present Bochner’s normal coordinate system for the real analytic Kahler manifolds 
and the affine connection. We would like to call it the Bochner connection. Then, 
we restrict ourselves to complex manifolds with the Bergman metric, and study the 
Bochner connnection. 

We demonstrate that our study is not without a notable main statement (Theorem 
ETD; we present a generalization of the theorem by Lu Qi-Keng [23], which says that a 
bounded domain in C" whose Bergman metric is complete and of a constant holomor- 
phic sectional curvature is biholomorphic to the unit ball. We were able to generalize 
this to the case of bounded domains with a pole of the Bochner connection such as a 
circular domain or a homogeneous domain. 


2. Fundamentals of Bergman geometry 


2.1. The Bergman kernel and metric for a bounded domain in C”. Let 12 be 

a bounded domain in C” and K(z,w) the Bergman kernel of 12. Since K{z,z) > 0, the 
Bergman metric 


9n{z) = ^ 9jk{^)dzj 0 dzk 
j,k=l 


with 


9jkiz) = 9jki.z, z) := 


log K{z, z) 
dzjd^ 


is well-dehned. In fact, the following result was proved by Bergman himself [2]: 


Theorem 2.1 (Bergman). The Bergman metric qq is positive-definite at every 2 ; G 12. 


Remark 2.2. Note that is a Kahler metric. The transformation formula for the 
Bergman kernel function (under biholomorphisms) implies that every biholomorphism 
between bounded domains is an isometry with respect to the Bergman metric. 


2.2. The Bergman representative map. Let p be a point of 12. Since K(p,p) > 0, 
there is a neighborhood of p such that K{z,w) 7 ^ 0 for all z,w in that neighborhood. 
Denote by 9^^{p) the (fc, j)-th entry of the inverse matrix of {9jj^{p))- 


Definition 2.3. The Bergman representative map at p is dehned by 

repp(2;) = (Ci(^),..., Cn(2;)), 

where: 




d 


dwZ. 


_ d 

log K{z,w) - -= 

w=p t)W]^ 


log K{w^ w) 


w=p 


Since ^\z=p = 6ik, this map dehnes a holomorphic local coordinate system at p. 
Another special feature is in the following theorem by Bergman himself. 


Theorem 2.4 (Bergman). If f : Q ^ Q is a biholomorphic mapping of hounded do¬ 
mains, then repj(p) 0/0 rep”^ is C-linear. 
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The original proof of this by Bergman was via a direct computation using the trans¬ 
formation formula. On the other hand, a differential geometric proof using the Bochner 
connection will be presented in Section |3] (see Theorem 14.21 as well as Remark 14.31) . 
Since the Bergman kernel and metric can be dehned for complex manifolds [2T], this 
geometric explanation applies to the case of complex manifolds. 


2.3. The Bergman kernel form on a complex manifold. Let M be an n-dimensional 
complex manifold and A^{M) the space of holomorphic n-forms f on M satisfying 



< cxo. 


Let {00) 01) 02 )...} be a complete orthonormal basis for the Hilbert space A^{M) and 
M the complex manifold conjugate to M. Dehne the holomorphic 2n-form on M x M 
by 

OO 

K (^) ^) = (Pj (^) ‘/’i • 

j=0 

This construction is independent of the choice of orthonormal basis. Using the diagonal 
embedding l : M ^ M x M, dehned by l{z) = {z,z), and the natural identihcation of 
M with i{M), K{z, z) can be considered as a 2?7,-form on M. This is called the Bergman 
kernel form of M. 

Consider the case that the Bergman kernel form is non-zero at any point of M. In a 
local coordinate system (U, {zi,, Zn)), the Bergman kernel form can be written as 


K(z, z) = Kf{z, z)dzi A • • • A dzn A dzi A • • • A dzn, 
where Kf{z,z) is a well-dehned function on U. Set 

■= ^ g0{z)dzj 0 dJj^ = ^ ® 


j,k=l 


j,k=l 


dzjdzk 


This is independent of the choice of local coordinate system. When the matrix G{z) : = 
i.9jk{^)) is positive-dehnite for each 2; G M, ds\j is called the Bergman metric of M. 


2.4. Bergman representative coordinates. From now on, suppose that M is a 
complex manifold which possesses the Bergman metric. (In fact, many complete non¬ 
compact Kahler manifold with negative curvature admit the Bergman metric [TB], The¬ 
orem H). In a local coordinate system (f/ x U, ( 2 : 1 ,..., vA ,..., wU)) for M x M, 

K (z, w) = Kf^y{z, w)dzi A • • • A dZn A dwl A • • ■ A dWk^ 

where K^^y{z,W) is a well-dehned function onU xV. Given a point p G U, dehne the 
following holomorphic coordinate system centered at p (cf. [9], [H], and m)- 

Definition 2.5. The Bergman representative coordinate system at p is dehned by 

repp(z) = (Ci(x),...,Cn(^))) 
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where: 




d 


dwZ. 


w=p 


^ogK*y{z,w) 


d 


dwZ. 


w=p 


^OgK*^y{w,w) 


Remark 2.6. The above construction is independent of the choice of a coordinate sys¬ 
tem (t/, (zi,..., Zn)) for M. But it depends on the choice of local coordinate system 
(B, (tci,..., Wn))- Note that rep^ extends to a global function, well-dehned on the whole 
of M except for the analytic variety Zq ■= {z E M : K{z,p) = 0}. 


3. Bochner’s normal coordinates and connection 

For the real analytic Kahler manifolds, Bochner constructed the Kahler normal co¬ 
ordinate system, a version of the representative coordinate system from the Kahler 
potential [7] . This normal coordinate system is strongly related to the exponential map 
of the Kahler metric [lO] . We feel that this relation can be better explained via the lan¬ 
guage of vector bundles and connections IZDl. Therefore, we reorganize this information, 
scattered in the literature. 


3.1. Bochner’s normal coordinates. Suppose that M is a Kahler manifold with the 
real analytic Kahler metric g. In [7], a Kahler normal coordinate system is dehned as 
follows: 

Proposition 3.1 (Bochner’s normal coordinates). Given p G M, there exist holomor- 
phic coordinates ((^i,..., unique up to unitary linear transformations satisfying 

(i) C(p) = 0, 

(ii) 9jkip) = ^jk, 

(iii) dgjj{p) = 0, 

Q ~ 

(iv) = 0, for all I > 0 and ii -\ - V in = I■ 

■■■C'Sn 

In [3], Bochner’s coordinate system was rediscovered in the context of mathematical 
physics. There, the Bochner coordinates were called the canonical coordinates. Their 
result is 


Proposition 3.2 (Bershadsky, Cecotti, Ooguri and Vafa [3]). Bochner’s normal coor¬ 
dinates (^ 1 ,..., C,n) can he expressed in terms of the Kahler potential fj{z,z): 


CjA) = 


d 


dwk 




d 


w=p 


dwk 


fj{w, w] 


w=p 


where y/g^Ap) *■5 cis follows: Since G{p) := (gjAp)) *■3 ® positive-definite Hermitian 

matrix, there exists a matrix A such that G{p) = AA^. Denote by Ag^Ap) ^he {k,j)-th 
entry of the inverse matrix of A. 


Corollary 3.3. Bochner’s normal coordinate system for a manifold with the Bergman 
metric is the same as the Bergman representative coordinate system of the Kahler po¬ 
tential log K{z,l) up to the normalization factor ^/g^Ap)■ 
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We explain how to separate the holomorphic part from the Riemannian exponential 
map and show that it coincides with the inverse map of the Bochner normal coordinate 
system. Onr exposition follows those of HD], m, and PU] , 

3.2. The holomorphic exponential map. Let M be a real-analytic Kahler manifold. 
The construction of the holomorphic exponential map from the Riemannian exponential 
map expp : TpM —)■ M consists of two steps: (1) complexification, (2) restriction. 

Step 1. Complexification (Polarization). Note that the real-analytic manifold M of 
real dimension n can be embedded to become a totally real submanifold of the complex 
manifold CM of complex dimension n. 

Theorem 3.4 (Whitney-Bruhat [30]). Every real analytic manifold M can he embed¬ 
ded to become a totally real submanifold of a complex manifold. This embedding is 
unique in the sense that, if li \ M ^ CMi and i 2 ■ M ^ CM 2 are such embeddings, 
then there exist neighborhoods Ui and U 2 of M in CMi and CM 2 respectively, and a 
hiholomorphism f ■ Ui ^ U 2 such that <-2 = / ° 

Take the complexihcation TpM ^ TpM and the diagonal embedding l \ M ^ 
M X M. Then, apply the following lemma to the exponential map exp^ : TpM —>■ M. 

Lemma 3.5. Let M and N he totally real submanifolds of complex manifolds CM and 
CN, and f : M ^ N a real-analytic diffeomorphism. Then there are neighborhoods U 
and V of M and N, and a unique holomorphic map extending f. 

Denote by exp^ the unique holomorphic extension of exp^. 

Step 2. Restriction. Use the decomposition TpM = TpM © TpM where TpM: the 
holomorphic tangent space and TpM: the anti-holomorphic tangent space. Then re¬ 
strict the complexihed map exp^ to T^M. 

Definition 3.6. The restriction map exp^ |^,j^((C) := expp((^,0) is called the holomor¬ 
phic exponential map. 

We remark that the above dehnition is the same as the following dehnition, appeared 
hrst in [TO] . 

Definition 3.7. Take the power series expansion of the exponential map of the Kahler 
metric exp^ : TpM © T"M —)■ M and the decompostion 

exPp(C,C) = /(C) +^(C,C), 

on some neighborhood of 0, where / is holmorphic in C, and g is the sum of all monomials 
which are not holomorphic in C,. Then the holomorphic part of the exponential map at 
p is dehned to be 


exphp(C) := /(C)- 
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3.3. The Bochner connection. We present the construct of the holomorphic affine 
connection, whose affine exponential map is the holomorphic exponential map exph^. 
We also show that exph^ is the same as the inverse to the Bochner normal coordinate 
system, using the affine geodesic equations of the connection. 

Theorem 3.8 (Kapranov |2U]). There exists a holomorphic affine connection V®' on 
T\M X M), defined over a neighborhood of l{M), whose affine exponential map is exp^ . 
The restriction of V®' to T^M is also a holomorphic affine connection, defined over a 
neighborhood of p in M. The affine exponential map o /is exph^. 


Proof. Let V be the Kahler connection, dehned by the Christoffel symbols = 

^9km^£lgmj(^z^-z). Denote by the analytic continuation (complexihcation) of V. 
Then V''" is an affine connection, defined by the coefficients of the connection 1-form: 




dgkrn{.Z,w) 

-b- 3 

OZi 


{z,w), 


where {z,w) are holomorphic coordinates for M x M. Moreover, its affine exponential 
map is the same as exp^, since the complexihcation of exp^ is unique. 

To prove the second statement, take the decomposition 


r^,j,)(MxM)=T;M©T'M, 


and restrict to T^M. Then this is a holomorphic affine connection on T^M, dehned 
only in some neighborhood of p in M. The affine exponential map of this connection is 
the holomorphic exponential map exph^. □ 


From now on, we denote by V^, and call it the Bochner connection at p. The 

following lemma shows the affine geodesic equations for the holomorphic exponential 
map exphp. 


Lemma 3.9. The geodesics of the Bochner connection emanating from p in the 
initial direction ( G T^M satisfies the following system of second order ODE: 


(3.1) 


Pz 




(b I pi _ r| 

2 dt dt “ 


z(0)=p, ^(0) = o. 


Proof. The curve expp{ft,ft), constructed by the affine exponential map of satisfies 


(3.2) 


1 ^(0) = Pi ^(0) = 0, 


and 

(3.3) 


d? Wj (t) 

dt'^ 






dt 


dt 


= 0 , 


w{0)=p, ¥(0)=0i 
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where (C, 0 ^ T^M © T"M = CTpM. It suffices to let ^ = 0 , since the solution of fl3.3p 
becomes the constant map (wi,..., Wn) = (pi,... ,Pn)- D 


Using the above lemma, we prove the follwing proposition, appeared hrst in |2Uj . 

Proposition 3.10. The inverse to the holomorphic exponential map at p of the real 
analytic Kdhler metric is the Bochner normal coordinate system at p, up to unitary 
linear transformations. 


Proof. Let p be the inverse to the Bochner normal coordinate system and ^{t) the 
curve in M given by ^{t) = (p{vt) where n G C” = T^M. It is enough to show that 
7 (t) = (©(t),..., Zn{t)) satishes fl3.ip . By the dehnition of the normal coordinates, we 
obtain 7 ( 0 ) = <p( 0 ) = p and 

(3-4) ^ = 9r5(p)9“(2.p)- 

Srt., = = (TW.-'-.llfm) = (^(0). ■ ■ ■. =^(0)) = >’■ Then the 

holomorphicity of the Bochner normal coordinates implies that 


<Pzj(t) 

dP 




dt dt 


d^Zj d(r d(s 
d(rdCs dt dt 


+ rL(7(f),p) 


_ dzk dCr dzi dCs 


d(r dt d(s dt 


d‘^Zj j,^,..dzkdzi 

+ ^kAlP)^P) 


dCrdCs 


dCr dCs 


VrV. 


Thus it suffices to show that the following analytic differential equations hold: 


dCrdCs 


riz(7(f),p) 


dzk dzi 
dCr dCs 


0 . 


The matrix equation d{A - A ^) = 0 and the equation fl3.4p yield 


d‘^Zj 

dCrdCs 


Therefore, we arrive at 


= 9rxiP) 


dg^^{z,p) dzi 
dzi dCs 


_ dzkdgkm{z,p) dzi 

dCr dzi ^ dC,s' 




dCrdCs 


dCr dCs 


□ 


Remark 3.11. For a bounded domain with the Bergman metric, it is known that the 
above analytic equations hold for the Bergman representative map [23]. This is, of 
course, strongly analogous to the analysis on the flow of vector helds in the context of 
Riemannian geometry. 
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4. The Bochner connection on a manifold with the Bergman metric 


Let M be a complex manifold with the Bergman metric and p a point in M. Since 
the Bergman metric is a real-analytic Kahler metric, the Bochner connection can be 
constrncted in an open neighborhood of p as in Section On the other hand, we show 
that the Bochner connection actnally extends to the whole manifold except possibly for 
an analytic variety. 

4.1. The extended Bochner connection. Snppose that M is a complex manifold 
which possesses the Bergman metric. Recall that in a local coordinate system {U x 
V, (zi ,... ,Zn, WT,..., wyf)) for M X M, the Bergman kernel form is 

K (z, w) = K^^y{z, w)dzi A • • • A dzn A dwl A ■ ■ ■ A 

where K*, —[z,w) is a well-dehned fnnction onU xV. Dehne the tensor on M x M by 


UxV^ 


j,k=l 


^dHogK^ 

j,k=l 


G{z, w) := ^ djkiz, w)dzj ® dwk = ^ ® dwk- 


dzjdwk 


Let {U X R, (^^i,..., Zn, wi, ..., Wn)) be another coordinate system. Then, in ([/ x R) fl 
{U X R), the following transformation formnla 

(4.1) K^^y{z,w) = K* y{z,w) det J^(^)det 


holds, where = {^^)nxn terms of matrices. 


'j / nxn 


(4.2) 
where G 


Guxvi^^^) = ■Gff^rAz,w) ■ J^{w) 


UxvGj '^) — 


92 log K^^y{z,w) 

dzjdwk 


UxV^ 

and G- 


UxV 


,z,w) = 


d'^logKt ^(z,w) 
_ UxV 

dzj dwk 


Given a point p ^ M, dehne the analytic varieties 

Zq ■= {z E M ■. K{z,p) = 0} and Zf := {z E M — : det{G{z,p)) = 0}. 

Lemma 4.1. If f : M ^ M is a biholomorphism with q = f{p), then it satisfies 

(1) f{Zl) = Zj, 

(2) f{Zl) = Zl 

(3) f{MP) = M\ 

where MP := M - {Z^ U Zf) andM^:=M- (Z^ U Z?). 

Proof. The transformation formnlae fl4.ip and fl4.2p prove that these sets are well-dehned 
and invariant nnder biholomorphisms. □ 

Let T'MP be the holomorphic tangent bnndle over Mp. Then, 

Theorem 4.2. There exists a holomorphic affine connection on T'Mp satisfying: 
(1) is locally flat, i.e. the torsion and curvature ofVP are zero. 
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(2) fl3.ip are the affine geodesic equations for . 

(3) /*(V^F) = VJF for all X,Y e T'Mp where X = /*(X),F = f,{Y) and f is 
the same as in the preceding lemma. 

Proof. The proof is essentially the same as that of the case of bounded domains (cf. |29j). 

Define the connection 1-forms as follows: Note that G := G^^y{z,p) is an invertible 
holomorphic (n x n)-matrix on UdMP so that G~^ is well-defined on U(IMP. Define the 
{n X n)-matrix uj of holomorphic 1-forms by ca := dG ■ G~^, locally dehned on 17 n Mp. 
In other words, 

{zffi)dzk. 

Since dG = u ■ G, the transformation formula (14.2p yields the transformation rule for 
connection 1-forms: 

(4.3) oj ■ -J = dJ + J ■ UJ. 

To show (1), observe that is torsion-free, because Moreover, its 

curvature form Q := du — u A u is also zero, because G := {gjk{z,p)) is holomorphic. 
More precisely, 

d{dG ■ G-^) - {dG ■ G-^) A {dG ■ = d{dG ■ + ^G A ^G"^ ■ G ■ G"^ 

= -dG A dG-^ +dGA dG-^ = 0. 

Now, (2) follows immediately from the construction, and (3) follows by (14.31) . □ 

Remark 4.3. The last statement in Theorem 14.21 implies the C-linearity of the Bergman 
representative coordinates as follows: Since geodesics are straight lines in this coordinate 
system, repj-(p) o/orep“^ maps straight lines to straight lines. Thus it is M-linear. Since 
the representative map is holomorphic, this is C-linear. This is the geometric proof of 
Theorem 12.41 promised in Section 

It is possible to find the formula of the inverse to the affine exponential map of 
not only at p but also at an arbitrary point q G Mp. The proof is the same as that of 
Theorem 13.101 


Proposition 4.4. Denote by exph^ the affine exponential map ofVP at q. Let (Ci, ... ,(n) 
be the coordinate system for the holomorphic tangent space at q, T^Mp . Then, in the 
local coordinate neighborhood {U, {zi,..., Zn)) containing q, 

exphg ^(^) = ((i(^), ..., Cn{z)), 

where: 


CjW = 


-^r d 


dwh 


w=p 




d 


dwi 


^ogKf^y{q,w) 


w=p 


-1 


Remark 4.5. The above proposition implies that exph^” is a linear transform of exph, 
Therefore Mp can be covered by copies (by linear maps) of the representative coordi¬ 
nates. This can be explained by the concept of affine structures in |25]. This concept 
will be introduced in the following subsection. 
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Remark 4.6. For a real-analytic Kahler manifold, it is known that snch an affine struc¬ 
ture exists on a local neighborhood of a given point [24]. 

4.2. AfRne structure of M^. The proof of Theorem 13.101 also implies the following 

Proposition 4.7. Let U be a local neighborhood of p and V a local neighborhood of 
0 such that exph^”^ : U ^ V is biholomorphic. Take any straight line I in V (not 
necessarily passing through p). Then exphp(/) is a geodesic ofV^. 

This proposition follows immediately, understanding the affine structures as follows: 

Definition 4.8. Let X be a complex manifold of dimension n and A4 = {f/j, the 

maximal atlas. A subset A = {Uj, J C /, of A1 is called an affine atlas of X if 

all transition maps are complex affine transformation of C"^. We say that each maximal 
affine atlas defines a complex affine structure of X. 

Theorem 4.9 (Gunning [T7], Matsushima [25] )• There is a one-to-one correspondence 
between the set of all complex affine structures on a complex manifold X and the set of 
all locally flat holomorphic affine connections on X. 

Remark 4.10. For any x,y & M^, exph^oexph”^ is an affine transformation of Thus 
has a complex affine structure and the Bochner connection is the corresponding 
locally flat holomorphic affine connection. 

4.3. Geodesics of V^. The behavior of geodesics of played an important role in 
the proof of the following theorem, which generalizes Fefferman’s extension theorem. 

Theorem 4.11 (Webster [2S|)- Let f : fl ^ Q be a biholomorphism between bounded 
domains with smooth boundaries. Suppose that their Bergman kernels are smooth up to 
the boundaries. Then f extends smoothly to a dense open subset of dkl. 

Sketch of the proof. Since the kernel is smooth up to the boundary, extends to a 
dense open subset of the boundary in the sense that, it is defined over the boundary 
except for limit points of the variety U Zf Thus the Bochner normal coordinate 
system, i.e. the Bergman representative coordinate system, extends over the boundary 
so that the corresponding geodesics extend through the boundary points. Then the 
result follows. □ 


Notice that the incompleteness of has played an important special role in this 
proof. On the other hand, one might expect to hnd a suitable Kahler metric, compat¬ 
ible to V^. But this is impossible because the exponential map of a Kahler metric is 
holomorphic if and only if the metric is flat (the Euclidean metric). However, using the 
image of geodesics under rep^ = exph~\ it is possible to define a distance between two 
points in a connected manifold M^. 


Definition 4.12 (Intrinsic distance). Let M be a connected manifold with the Bergman 
metric and A = {Ui, 4>i}i£i the affine structure of M^, given by the Bochner normal 
coordinate system, li x,y G Ui for some Ui, then define 6^{x,y) to be the euclidean 
norm of the vector 


d 


’ dm 


_ 0 

log K{x,w) - 

w=p OWk 


w=p 


logK{y,w),... 
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In general, if t, y are arbitrary points in then define the intrinsic distance by 

N 

(F{x, y) := inf 

i=i 

where the infimnm is taken over all possible partitions with x = Pq, ... ,p]sf = y. 

This is well-defined since there always exists a broken geodesic between two points 
in the connected affine manifold (M^, V^). 

Remark 4.13. For the symmetry d?{x,y) = d^(i/,x), we do not use the normalization 
factor of the Bochner normal coordinate system. Although d^ is not a biholomorphic 
invariant, its hniteness between two points is a biholomorphic invariant. 

The following theorem shows the relation between the intrinsic distance d^ and the 
analytic variety Zq. 

Theorem 4.14. If q & Zq, then there are no geodesics connecting to q with the intrinsic 
distance finite. 

Proof. Suppose that there exists a geodesic connecting q with the intrinsic distance 
hnite. Then the Bochner normal coordinate system is well-defined at q. Note that 
-^=K{q,W) /K{q,w) is an anti-holomorphic function in w for each k. Fix an index k 
and then in the tCfc-section, this is an one-variable function. Since K{q,p) = 0, it has 
a simple pole at p so that the value must diverge. This implies that 5^ diverges, which 
contradicts the hniteness of the intrinsic distance. □ 


5. On the variety Zl u Zf and the Skwarczynski annulus 

5.1. On the variety Zq. Let hi be a bounded domain in and K{z,w) the Bergman 
kernel of hi. Fix a point p G fl. Then the Bochner connection can be constructed 
over = hi — (Zq UZf). Whether Zq is empty is related to the well-known Lu Qi-Keng 
conjecture; a bounded domain hi is called a Lu Qi-Keng domain if Zq is empty for each 
point p E fl. 


Remark 5.1. It was anticipated in 1960’s that every bounded domain should be a Lu 
Qi-Keng domain, called the Lu Qi-Keng conjecture. However, many counterexamples 
have been discovered ( m, M, and others.), and in contrast, many domains are Lu 
Qi-Keng. 


Example (Skwarczynski’s annulus) Let A ■.= {z E C ■. Q < r < \z\ < 1}. Then the 
Bergman kernel of A is 


p{\og zw) + 

TIZW ’ 

where p is the Weierstrass elliptic function with half periods uji = log(l/r), uj 2 = 7ri 
and Pi is the increment of the Weierstrass zeta function if with respect to cji. 



Zeros of K{z,p): Dehne h{X) := p{log A) ^ on the set A := {A G C : < | A| < 1}. 

Then K{z,w) = where A = zw. In [28], Skwarczynski proved that 
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• h{X) is real, VA G M. 

• For r < e“^, there exists a point A G A such that h(A) = 0. 

Later, the above result could be improved as follows (cf. |1], Theorem 3.4): 

• h(—1) = h(—r^) < 0 and h{—r) > 0. 

• For r < 1, there exist only two solutions Ai,A 2 of the equation h{X) = 0 in 

A = {A G C : < |A| < 1}, where A 2 G (—1, —r) and Ai G (—r, —r^). 

Fix a point p ^ A. The symmetry of the annulus allows to assume that p G (r, 1) on the 
real line. Let A^ and Af be the solutions of the equation h{zp) = 0 satisfying Ai = Afp 
and A 2 = Afp. Since A 2 G (—1/p, —r/p), A^ G {—r/p,—r‘^/p), the number of elements 
of the zero set {z E A : K{z,p) = 0} depends on the location of p. For example, if p is 
close enough to 1 (or r), then there exists only one solution of the equation K{z,p) = 0 
in the annulus A, located in (—1, —r) (or (—r, —r^)). 

Geodesics of the Bochner connection V^: Recall that the exponential map of the 
Bochner connection is the inverse map of rep^. A simple computation shows that 


rep (z) = Cl 


p'{\og zp) 
p{\og zp) + ^ 


+ C‘, 


2, 


where Ci and C 2 are constants, and p! is the first derivative of the Weierstrass elliptic 
function p. Then rep^ is also an elliptic function that shares the same periods with p 
and possesses three simple poles. Since the image of any elliptic function contains C, 
the pre-image of each straight line consists of three curves (counting multiplicity) in 
the annulus {z G C : < \zp\ < 1}. 

Note that the geodesics of are the images of straight lines by the holomorphic 
exponential map exph^ = rep“^. Therefore, it is enough to study the pre-images of 

straight lines by the elliptic function /(A) := ^i^x)+c the lattice A = {Z(2a;i) -|- 
'L{2uj2)}- Since cui G M and UJ 2 G zM, the function p and its derivative p' have rectangular 
lattice so that p{z) = p{z), p'{z) = p'{z). This implies that for all t G M, 

• p{t2uj) = p{t2uj) = p{t2ujj) and pioJi + t2uj) = pioJi + t2uj), 

• p'{t2uj) = ±p'{t2uj) and p'{u!i -f t2uj) = ±p'{uji + t2uj). 

Since c = — G M, we see that 

• /(M) C M and f{iR) C iM. 

• /(M -f a; 2 ) C M and f{uji + zM) C zM. 

Therefore, /“^(C — (M UzM)) consists of 4 open sub-rectangles which are divided by uji 
and UJ 2 in the fundamental region {z G C : 0 < Re{z) < 2a;i,0 < Im{z) < Im{2u2)}. 
This provides an approximate, but useful, information on the location of geodesics. 


5.2. The relation between Zq and Zf. In the light of the Cheng-Yau conjecture [32] 
(solutions are announced in [T3] and [IB]), we present the following 

Proposition 5.2. Let Q be a strictly pseudoconvex domain with smooth boundary. If 
the Bergman metric of Q is Kdhler-Einstein, then Zq = Zf for every p G hi. 
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Proof. It turns out that is a positive constant if the Bergman metric is Kahler- 

Einstein (cf. [13], Proposition 1.1). Therefore, the polarization gives the result. □ 


On the other hand, note that 
det[iP(^,p)- 


det[G(2;,p)] = 


K{z,w) - ^K{z,p)^\K{z,w)] 


Set 




K{z,pY'^ 


d 


d 


Zl\= Iz^Vt-.det K{z,p) _ K{z,w) - —K{z,p) _ 

L OZiuWj w=p UZi (7'U^j 

Then we present: 


K{z, w) 


w=p 


= 0 . 


Remark 5.3. If n > 1, then C Zf, and the statement is false if n = 1 (cf. |12] . 
Lemma 2.1). In particular, Zq ^ Z\ for the annulus in the complex plane. Therefore, 
it is natural to ask whether a domain of higher dimension satisfying Zq C Z\ exists. 
Such a domain actually exists; when r is small enough, the product domain Ar x D has 
a point p such that Zq C Zf, where := { 2 ; G C : 0 < r < | 2 ;| < 1} is the annulus and 
D is the unit disk in C. The proof is as in the following: 

Let K{{zi,Z 2 ), (vJi,W 2 )) = Ka^{zi,Wi)Kd{z 2 ,^) be the Bergman kernel of Ar x D. 
Set Fq{z,w) := det[Kn{z,w)Q^=Kn{z,w) - ^^Kn{z,w)^Kn{z,w)]. Then 

FArXoiiZi, Z2), (wi,W2)) = KAr{zi,W]:YKD{z2,vZ)^FAr{zi,W]:)FD{z2,W2)- 

Since Ke>{z 2 ,W 2 YFd{z 2 ,W 2 ) 7 ^ 0 for all ( 2 : 2 , ^ 2 ) E D x D, it suffices to show that there 
exists a point {z,p) E Ar x Ar satisfying KAr{z,p) 7 ^ 0 and 

KAr{z,pfFAr{z,p) = KAr{z,p)^d^drr\ro=p^OgKAr{z,w) = 0 . 

It is known that if r is sufficiently close to 0 and p is on the real axis, such a point {z, p) 
exists, where z is near the imaginary axis (see [12], the proof of Theorem 1.5). 

Moreover, this example can be modihed to the case of irreducible strictly pseudocon- 
vex domains as follows: Consider a strictly pseudoconvex exhaustion flj for Ar x D. 
Note that they are irreducible domains (cf. [H]). On the other hand, the Bergman 
kernel of flj and its derivatives uniformly converge on compacta to those of Ar x D 
(cf. [26]). By Hurwitz’s theorem, Qj satishes Zq C Zf when j is large enough. 


6 . A GENERALIZATION OF THE Lu THEOREM 

We present an application of the Bochner connection. Let O be a bounded domain 
in C” and M a complex manifold with the positive-dehnite Bergman metric. Denote 
their Bergman metric by /3^ and (3m, respectively. Call the point p G D a pole of the 
Bochner connection whenever repp : —)■ C" is one-to-one. 

Theorem 6.1. Suppose that D has a pole p ofV^. If there is a surjective holomorphic 
map f : fl ^ M satisfying f*(3M = /do, then f is a biholomorphism. 

This theorem is a generalization of the following well-known result. 












14 


SUNGMIN YOO 


Theorem 6.2 (Lu Qi-Keng [23]). If Q is a bounded domain in C"’, whose Bergman 
metric is complete and has constant holomorphic sectional curvature, then VL is biholo- 
morphic to the unit ball. 

Proof of '^Theorem 16.11 ^ Theorem I6.2L . Although the below proof is included in the 
proof of Theorem 4.2.2 in [T3|, we recall that for convinience. Let c be the constant, the 
holomorphic sectional curvature of ff. If c > 0, then would be a complete Riemannian 
manifold with all sectional curvatures > c/4 > 0. Thus Myers’ theorem in Riemannian 
geometry implies that is compact, a contradiction. If c = 0, then the covering space is 
C”. Therefore the covering map is constant by Liouville’s theorem, which is impossible. 
Consequently, c < 0. In that case, it is known that the universal covering space of 
is biholomorphic to the unit ball B” and the covering map / : B"" —)• is a Bergman 

isometry. Therefore / has to be one-to-one by Theorem 16.11 and hence the conclusion 
of Theorem 16.21 follows. □ 

Remark 6.3. Notice that Theorem 16 .1 1 does not assume the completeness of the Bergman 
metric /Sq. Moreover, the bounded domain need not possess the constant holomorphic 
sectional curvature. Besides the unit ball, the following domains satisfy the hypothesis 
of Theorem 16.11 

• Every complete circular domain; the center is a pole. 

• Every bounded homogeneous domain; every point is a pole (cf. [SI])- 

More generally, every bounded domain, which possesses a point p such that the matrix 
G{z,p) is independent of z, satisfies the hypothesis (the point p is a pole). This is called 
a representative domain according to [2l] . 

With slight modification of the proof of Theorem 4.2.2 in [H], we present 

Proof of Theorem lh.il We are only to show that / is one-to-one. Since f*(5M = (dn 
implies that df is non-singular, / is locally invertible. Let R be a neighborhood of p 
and U a neighborhood of g := f{p) such that /|\/ : R —)■ [/ is a biholomorphism. Denote 
by go the inverse of /|y. 

On the other hand Vq = f*VM) since f*l3M = /do, where V denotes the Bergman 
metric connection. The uniqueness of the polarization and the holomorphicity of / 
yield that = /*V^. This means that / maps geodesics of to geodesics of 
V*^, and one sees that A := rep^ o f\y o rep“^ is C-linear as in Remark 14.31 Thus 
go := f\y^ = repp^ o Ao rep^, where A is an invertible C-linear map. 

Note that rep^ o / = A~^ o rep^ on D — {Z^ U /“^(Z^)), where := Z^ U Zf and 
Z'^ := Zq U Zf. Then the restriction map rep“^|Aorepg(M-(/(ZP)uZ'j)) is a weh-dehned 
holomorphic map. Since the linear map A is everywhere dehned and rep^ extends to a 
holomorphic mapping of M — so does go. Denote by g the extension of go. 

Let X := f~^{Z^). Then go/:D — X^C"is holomorphic and g o f(^z) = z for 
every z ^ Q — X. Therefore, for every ( E M — Z^, choose x G D such that /(x) = (f. 
Since g{Q = g{f{x)) = x, g{M — Z*?) C D. Note that g is a bounded holomorphic map 
on the connected manifold M — Z^. By the Riemann extension theorem, g extends to 
a holomorphic mapping of M into C". This shows that g is the left inverse to /, and 
hence / is one-to-one. □ 
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